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ABSTRACT
A maxitive measure is a nonnegative function η on a σ -algebra  and such that η(
⋃
j Aj ) = supj η(Aj )
for all countable disjoint families of sets (Aj ) in . A representation theorem for such measures is
established, and next applied to represent Köthe function M-spaces as L∞-spaces.
Throughout, (S,,μ) is a nonzero σ -ﬁnite positive measure space. For a set
A ⊂ S, χA is its characteristic function. With a few obvious exceptions, all relations
between (-) measurable functions and sets occurring below are meant to hold
μ-a.e. We denote by L0(μ,R+) the lattice of all (equivalence classes of) measurable
functions on S with values in R+ = [0,∞]. Recall that it is order complete and has
the countable sup and inf properties (comp. Theorem 17 and Corollary 1 to it in [3,
Chapter I, Section 6]).
Following Shilkret [6], a set function η : → R+ such that η(∅) = 0 is said to
be ﬁnitely (resp., countably) maxitive if η(
⋃
j∈J Aj ) = supj∈J η(Aj ) for every ﬁnite
(resp., countable) disjoint family (Aj )j∈J in . A countably maxitive set function
is also called a maxitive measure. Note that if η is ﬁnitely maxitive, then it is
monotone: η(A) η(B) whenever A,B ∈  and A ⊂ B . Also, as easily seen, η is
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a maxitive measure if and only if it is ﬁnitely maxitive and η(An) ↑ η(A) whenever
An ↑ A in .
Given a function f :S → R+, the formula
ηf (A) = μ- sup
A
f
(the μ-essential supremum of f over A) deﬁnes a maxitive measure ηf on
 vanishing on all μ-null sets. Also a strong converse to this observation is true, as
shown by the following representation theorem for maxitive measures.
Theorem 1. Let η be a maxitive measure on  vanishing on all μ-null sets. Then
there exists a unique, up to equality μ-a.e., measurable function g :S → R+ such
that η = ηg .
In fact, if H is the subset of L0(μ,R+) consisting of functions h with η  ηh,
and G is the set of simple functions gP deﬁned by gP =∑ki=1 η(Bi)χBi , where
P = {B1, . . . ,Bk} is a ﬁnite -partition of S, then g = infH = infG in L0(μ,R+).
Proof. We may assume that the measure μ is ﬁnite (otherwise it can be replaced
by a ﬁnite measure having the same null sets). It is easy to see that G ⊂ H and
that inf{h,h′} ∈ H whenever h,h′ ∈ H . Hence H is directed downward by the
relation . (Also G is directed downward, but we will not need this here.) Let
h = infH and g = infG.
Let A ∈ . We are going to show that ηh(A) = ηg(A) = η(A).
Since h  g  η(A)χA + η(S  A)χSA, we have ηh(A)  ηg(A)  η(A).
Suppose ηh(A) < η(A) and let ηh(A) < r < η(A). By the countable inf property
of L0(μ,R+) and since H is directed downward, there exists a decreasing sequence
(hn) in H with h = infn hn. By the Egoroff theorem, given any number ε > 0,
there is a measurable set C ⊂ A and an index n such that μ(A  C) < ε and
hn  r on C. Hence η(C)  ηhn(C)  r . Using this it is easy to construct an
increasing sequence (Ck) in  with Ck ⊂ A and η(Ck)  r for each k, and such
that the set D = A ⋃k Ck is μ-null. Then η(A) = η(A  D) = limk η(Ck), hence
η(A) r < η(A); a contradiction.
Finally, if k ∈ L0(μ,R+) and ηk = η, then k ∈ H and h k. From this it follows
easily that h = k μ-a.e. In particular, h = g μ-a.e. 
Remark. Thus, for any function f :S → R+, there is always a measurable function
g : S → R+ such that ηg = ηf . It is not hard to see that g is nothing else but the
smallest measurable majorant for f : g = inf{ϕ ∈ L0(μ,R+): f  ϕ} in L0(μ,R+).
Before proceeding, we recall some additional deﬁnitions and facts. Let L0(μ)
denote the vector space of all (μ-equivalence classes of) measurable scalar func-
tions on S. A Köthe function space over the measure space (S,,μ) is a Banach
space E = (E,‖·‖) which is a solid subspace of L0(μ) and has a monotone norm
(cf. [3], [5]). That is, whenever g ∈ L0(μ), f ∈ E, and |g|  |f |, then g ∈ E and
‖g‖ ‖f ‖. Such a space E is said to have
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• the Fatou property if whenever (fn) is a norm bounded sequence in E such that
0 fn ↑ f ∈ L0(μ), then f ∈ E and ‖fn‖ → ‖f ‖;
• order continuous norm if ‖fn‖ → 0 for every sequence (fn) in E with
0 fn ↓ 0;
• order semicontinuous norm if ‖fn‖ → ‖f ‖ whenever 0 fn ↑ f ∈ E.
Clearly, each of the ﬁrst two properties implies the third. Moreover, the order
continuity of the norm is equivalent to the following: For every f ∈ E, ‖fχAn‖ → 0
whenever (An) ⊂  and An ↓ ∅. The other two properties can be characterized
analogously.
Given a Köthe function space E, we denote by PA the characteristic projection
f → f χA in E determined by a set A ∈ , and next deﬁne
M(E) = {A ∈ : PA is an M-projection in E},
L(E) = {A ∈ : PA is an L-projection in E}.
See [1] (especially 1.9 and 1.10) for more details. Thus if A ∈ , then A ∈ M(E)
(resp., A ∈ L(E)) iff for each f ∈ E,
‖f ‖ = max{‖f χA‖,‖f χSA‖} (resp., ‖f ‖ = ‖fχA‖ + ‖f χSA‖).
We now apply Theorem 1 to represent Köthe function M-spaces as L∞-spaces.
For completeness, we also include the case of Köthe function L-spaces, where
the usual Radon–Nikodym theorem is applicable. The two parts of theorem are
essentially variants of the general representation theorems for abstract L- and
M-spaces (see [4, Sections 3 and 15]). They can also be viewed as complements
to some of the results in [2, Section 2].
Theorem 2. Let E be a Köthe function space with suppE = S.
(a) If L(E) = , then there exists a σ -ﬁnite μ-absolutely continuous positive
measure ν on  such that E = L1(ν). Equivalently, there exists a measurable
function g :S → R+ such that the map f → fg is an isometry from E onto
L1(μ).
(b) If E has order semicontinuous norm and M(E) = , then there exists a
measurable function g :S → R+ such that the map f → fg is an isometry from
E into L∞(μ). It is onto provided E has the Fatou property.
Proof. The assumption suppE = S means that for every A ∈  with μ(A) > 0
there is 0 = f ∈ E such that suppf ⊂ A. Since E is complete, one can even ﬁnd
an f ∈ E with suppf = A. It follows that the ideal (E) := {A ∈ : χA ∈ E} in 
has the following properties:
(1) for each A ∈  there is an increasing sequence (An) in (E) with union A;
(2) for each f ∈ L0(μ) there is a sequence (fn) of simple functions in E such that
|fn| |f | and fn → f μ-a.e.; moreover, 0 fn ↑ f if f  0.
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(a) From the assumption that L(E) =  it follows that the norm of E is order
continuous (hence also semicontinuous). In fact, let f ∈ E and An ↓ ∅ in . Since∑n−1
j=1 ‖fχAjAj+1‖ = ‖f χA1An‖  ‖f ‖, the series
∑
j f χAjAj+1 converges
(absolutely) in E. Applying characteristic projections, it is easy to see that the sum
in E of its remainder
∑∞
j=n f χAjAj+1 coincides with f χAn , hence ‖fχAn‖ → 0
as n → ∞.
Clearly, the set function ν deﬁned on (E) by ν(A) = ‖χA‖ is ﬁnitely additive,
and ν(A) = 0 iff A is a μ-null set. Moreover, by the order semicontinuity of
the norm, it is countably additive on  ∩ A for every A ∈ (E). Using (1) we
extend ν to all of  by setting, for every A ∈ , ν(A) = limn ν(An), where (An)
is any sequence in (E) such that An ↑ A. (It is easy to verify that ν(A) does not
depend on a particular choice of (An).) Clearly, ν is countably additive, σ -ﬁnite,
and vanishes precisely on the μ-null sets.
We now show ‖f ‖ = ∫
S
|f |dν for all f ∈ E, thus proving also that E ⊂ L1(ν).
The equality ‖f ‖ = ∫
S
|f |dν is obvious if f is a simple function (because then
suppf ∈ (E)). In the general case, by (2), there exists a sequence (fn) of simple
functions in E such that |fn| ↑ |f |, and the required equality follows easily by the
order semicontinuity of the norm.
Finally, again by (2), E is dense in L1(ν), hence E = L1(ν). To get the other form
of the assertion, apply the Radon–Nikodym theorem.
(b) Deﬁne η :(E) → R+ by η(A) = ‖χA‖, and next extend it to all of  in
the same manner as ν in the proof of part (a) above. It is clear that η satisﬁes the
hypotheses of Theorem 1. Therefore, there exists a measurable function g :S → R+
such that ‖χA‖ = μ- supA g = ‖gχA‖∞ for all A ∈ (E). Note that this implies
that g is ﬁnite a.e., and bounded on each A ∈ (E). We now verify that ‖f ‖ =
‖fg‖∞ for all f ∈ E. If f is a simple function, say f =∑ni=1 riχAi , with Ai ∈ (E)
pairwise disjoint, then ‖f ‖ = maxi |ri |‖χAi‖ = maxi ‖fgχAi‖∞ = ‖fg‖∞. In the
general case, proceed as in (a) above. Thus the map J :E → L∞(μ) deﬁned by
J (f ) = fg is a linear isometric embedding.
Applying (1), one can ﬁnd an increasing sequence (Sn) in (E) with union S so
that n−1  g on Sn. Since, for each n, g is also bounded from above on Sn, J maps
the simple functions in E supported by Sn onto a dense subset of L∞(Sn) = {h ∈
L∞(μ): supph ⊂ Sn}. In consequence, {fg: f ∈ E and suppf ⊂ Sn} = L∞(Sn).
Now, if h ∈ L∞(μ) and f := h/g, then fn := f χSn = J−1(hχSn) ∈ E and ‖fn‖ 
‖h‖∞ for every n. Also, |fn| ↑ |f |. Therefore, if E has the Fatou property, then
f ∈ E, and J (f ) = h, proving that J is onto. 
Remark. The (necessary) assumption of order semicontinuity in (b) does not
follow from the equality M(E) = . To see this, consider the space E = L∞[0,1]
with the norm ‖f ‖ := max{‖f ‖∞,2 limn ‖fχAn‖∞}, where An = [0, n−1] (n ∈ N).
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